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Abstract

This study focuses on the Modus Tollens (MT) property induced by discrete uninorms.
Specifically, we identify the set of necessary and sufficient criteria for a discrete implication
function to comply with this logical property. This rule of inference is studied by using
discrete residual implication functions derived from uninorms of two of the most important
families of these discrete operators ({/min, idempotents), exploring which properties these
operators must satisfy, as well as providing some characterizations of the Modus Tollens in
this domain of definition. Our findings contribute to a deeper understanding of reasoning
mechanisms in fuzzy logic, particularly in discrete settings.

Keywords: modus tollens; discrete uninorms; fuzzy discrete implication; discrete
RU-implications; negation on a finite chain
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1. Introduction

Fuzzy logic, since its inception by Zadeh in 1965 [1], has become a fundamental tool
in modeling imprecise reasoning. Unlike classical binary logic, where statements are true
or false, fuzzy logic allows propositions to take on a continuum of truth values in the unit
interval [2]. This enables a more faithful representation of the kind of reasoning often
employed by humans, particularly in domains where information is incomplete, uncertain,
vague, or linguistically expressed.

In many artificial intelligence applications, such as expert systems, control systems,
data fusion, and decision-making under uncertainty, fuzzy logic provides a formal frame-
work that allows the capture and manipulation of approximate information. The strength
of fuzzy logic lies not only in its ability to handle gradation but also in its flexibility
in generalizing classical logical concepts such as implication, conjunction, disjunction,
and negation [3-7].

A central focus in fuzzy logic is the adaptation of classical inference rules to the fuzzy
setting [8-12]. Among these, the rule of Modus Tollens (which in classical logic states that
from A — B and —B, one may infer = A) has drawn considerable attention. In classical
logic, this property holds universally as a tautology. However, in fuzzy logic, this inference
rule is not necessarily valid for all combinations of fuzzy operators. Its fuzzy analogue is

Axioms 2026, 15,77

https:/ /doi.org/10.3390/axioms15010077


https://crossmark.crossref.org/dialog?doi=10.3390/axioms15010077&domain=pdf&date_stamp=2026-01-23
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-4434-3203
https://orcid.org/0000-0003-2929-1625
https://orcid.org/0000-0002-0878-8301
https://doi.org/10.3390/axioms15010077

Axioms 2026, 15, 77

2 of 25

generally studied in terms of a functional inequality involving different operators. This
inequality, known as the fuzzy Modus Tollens condition, is written as

T(N(B),I(A,B)) < N(A),

where T is a triangular norm, I is a fuzzy implication function, and N is a fuzzy negation
operator [13,14].

This formulation captures the spirit of Modus Tollens in fuzzy logic, with truth degrees
reflecting the gradual nature of inference [2]. Researchers have proposed generalizing t-
norms and t-conorms through the notion of uninorms, studying this functional inequality
for different families of this class of operators [15,16].

However, many real-world applications require discrete representations. In fields
such as decision theory, knowledge-based systems, and qualitative reasoning, informa-
tion is often given on ordinal scales rather than precise numerical values. For example,
an expert can rate a risk as ‘low’,’'medium’, or ‘high’, corresponding to a finite chain of
degrees of truth. Such discrete structures, commonly referred to as finite chains (e.g.,
L, ={0,1,...,n}), are widely used to model linguistic variables and are well-suited for
practical implementations [17].

Analogous to the continuous case, in this discrete setting, the different classical opera-
tors (t-norms, t-conorms, uninorms, negation functions, implication functions, etc.) and
certain inference rules have been studied, giving rise to analogous results or adaptations
appropriate to the discrete environment [18-24]. Following this approach, in this paper, we
investigate the U-Modus Tollens using discrete conjunctive uninorms (instead of discrete
t-norms), discrete negations, and discrete implication functions:

U(N(y),I(x,y)) < N(x) forall x,y € L,.

This inference rule is studied for residual implication functions derived from the two
main families of discrete uninorms (Uin and idempotents ({4;4.)). Moreover, we investigate
what properties these operators should satisfy, and we provide some characterizations of
the U-Modus Tollens in this domain.

The structure of this article is organized as follows. In Section 2, the basic notions
required of discrete uninorms and discrete implication functions that will be used in the
paper are introduced for easy reading of the paper. In Section 3, the U-Modus Tollens is
initially studied with respect to a discrete uninorm and a discrete implication. In particular,
U-Modus Tollens is characterized by implication functions derived from discrete uninorms
of Upin and Uj,. Finally, the last section presents the conclusions of the work, along with
some possible directions for future research.

2. Preliminaries

We present several established definitions and results that provide the essential back-
ground for the topic at hand.

We assume that the reader has a basic understanding of the basic notions of discrete
operators (t-norms, t-conorms, implications, uninorms, negations). For further details on
these concepts, we refer the reader to the relevant literature (please see references [19,25,26]).

For any positive integer 1, we consider the finite chain with # 4 1 elements, denoted
by L, = {0,1,2,...,n}. We shall also make use of interval notation interchangeably; that is,
L, = [0,n]. Moreover, for any e € L,, we write [0, ¢] and [e, n] to refer to the corresponding
subsets of L, namely {x € L, | 0 < x <e}and {x € L, | e < x < n}, respectively.
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Definition 1 ([18,19]). A discrete uninorm, or simply a uninorm on Ly, is a mapping U : L2 — L,
that fulfills the following properties: associativity, commutativity, and non-decreasingness with
respect to each arqument. Additionally, there exists an element e € Ly, referred to as the neutral
element, such that U(e, x) = x for every x € Ly.

For a better understanding of the previous definition, see Figure 1.

These classes of operators extend both discrete t-norms and discrete t-conorms and
are usually denoted as U = (Ty, e, Syy) [18,19]. Moreover, for any uninorm U defined
on Ly, it holds that U(0,n) € {0,n}. More precisely, if U(n,0) = 0, the operation U is
referred to as a discrete conjunctive uninorm, whereas if U(n,0) = n, it is called a discrete
disjunctive uninorm.

n
min(x,y) <
U(x,y) < Su
max(x,y)
e
min(x,y) <
Tu U(x,y) <
max(x,y)
0 e n

Figure 1. General structure of a discrete uninorm U = (Ty, e, Syy) on Ly, where Ty and Sy; are,
respectively, the underlying t-norm and t-conorm.

In this work, we utilize the family of discrete uninorms in Upin and the family of
discrete idempotent uninorms (U4, those satisfying U(x,x) = x for all x € L,). These
two families have been characterized as follows [19]:

Theorem 1 ([19]). Let U be a binary operation on Ly, that has a neutral element e with 0 < e < n.
Then, U belongs to the class of discrete uninorms in Unmin if it is defined as follows:

Tu(xy) i xye el
Ulxy) =4 Sulvy)  if xyelen], o)
min(x,y)  inall other cases,

where Ty operates as a discrete t-norm restricted to the closed interval [0,e|, and Sy acts as a
discrete t-conorm applied to the closed interval [e,n] C L. This class of uninorms is usually
denoted by U = (Ty, e, Sy ) min-

Previous Figure 2 gives the graphical representation of the uninorm described
in Theorem 1.

Theorem 2 ([19]). A mappingU : L, x Ly, — Ly, having a neutral element e such that 0 < e < n,
belongs to the class of discrete idempotent uninorms Uy, if and only if there exists a non-increasing
function g : [0,e] — [e, n] satisfying g(e) = e, for which the following holds:

U(x,y) = { min(x,y)  if y < g(x) and x < g(0), o

max(x,y)  otherwise,
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where g represents the unique symmetric extension of g that maintains symmetry relative to the
main diagonal and is explicitly defined as:

g(x) if x<e,
g(x) = max{ze€ [0 |g(z) >x} if e<x<g(0), ©)
0 if x> g(0).

This class of operators is usually denoted by U =< g,e >jg,.

n
min(x, y) Su
e
Tu min(x,y)
0 e n

Figure 2. General structure of a discrete uninorm U = (T, ¢, Si1) min in Upin-

The next example illustrates the construction process of a discrete idempotent uninorm
according to the previous theorem.

Example 1. Let us consider the finite chain L = {0,1,2,3,4,5,6}. Suppose that e = 3. Let

5 ifx <1,
g(x) =44, ifx=2
3, ifx=3.

In these conditions,
g(x), ifx<3,

_ 2, ifx=4,
g(x) = :
1, ifx=>5,
0, if x = 6.

In these conditions, U =< g,3 >4,

min(x,y), ify < g(x)andx <5,
Ulx,y) = (vy), ify<g()

max(x,y), otherwise.
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Uxy) |[y=0 y=1 y=2 y=3 y=4 y=5 y=6
x=0| 0 0 0 0 0 0 6
x=1 0 1 1 1 1 1 6
x=2 0 1 2 2 2 5 6
x=3| 0 1 2 3 4 5 6
x =4 0 1 2 4 4 5 6
x=25 0 1 5 5 5 5 6
x=26 6 6 6 6 6 6 6

We have highlighted in bold the values at which the discrete idempotent uninorm takes the
maximum value.

Next, we recall the concept of the discrete implication function.

Definition 2 ([20]). A mapping I : L, X Ly, — Ly, is called a discrete fuzzy implication, or simply
a discrete implication, whenever the requirements stated below are satisfied:

(I1) I(x,z) > I(y,z) withx < y,and z € Ly.

(12) I(x,y) < I(x,z) withy < z,and x € L,.

(13) 1(0,0) = I(n,n) = n,and I(n,0) = 0.

It should be noted that, according to the definition, we can deduce that I(0, x) = n and
I(x,n) = n for every x € L,. However, the cases I(x,0) and I(n, x) can not be explicitly
determined by these conditions.

Two notable properties of discrete implication functions that we will use in this
work are

1. Neutral element property

I(n,y)=y  forany y € Ly. (NP) 4)
2. Identity element property

I(x,x) =n forany x € L,. (IP) (5)

Definition 3. A negation on a finite chain L, is a function N : L, — L, that is decreasing
and satisfies the boundary conditions N(0) = n and N(n) = 0. Such a negation is called a
strong negation whenever the negation on Ly is involutive, which implies N(N(x)) = x applies to
any x € Ly.

Note that there is a unique strong negation on L,, whose expression is given by
N(x) =n— x[26].

Definition 4. Let I be a fuzzy discrete implication function defined on Ly,. The function Ny, given
by Ni(x) = I(x,0) for every x € Ly, is a negation on L, referred to as the natural negation
associated with I.

We now recall the definition of residual implication induced by discrete uninorms and
introduce some key results related to it.

Definition 5 ([25]). Let U : L2 — Ly, be a discrete uninorm. The residual operator associated with
U, denoted by Iy : L% — Ly, can be defined as follows:

Iy(x,y) = max{z € L, | U(x,z) < y}. (6)
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https://doi.org/10.3390/axioms15010077

Axioms 2026, 15, 77

6 of 25

Proposition 1 ([25]). Let U : L% — Ly, be a discrete uninorm. The associated residual operator Iy
is a fuzzy discrete implication if and only if U is conjunctive, that is, whenever U(n,0) = 0.

The result below characterizes the general structure of residual implications relative
to uninorms of the family in Upin.

Proposition 2 ([25]). Let U = (Ty, e, Su)min be a discrete uninorm belonging to the class Upin,
having e € L, ~ {0, n} as its neutral element. It follows that the associated residual operator I
remains a discrete fuzzy implication, defined by:

n if 0<x<eandx <y,
It (x,y) if O0<x<eandx>y,
y if y<e<yx,
Iu(x,y) = , 7
u(x,y) o1 if e<y<x )
Isy(x,y) if e<x<m e<y<n,
and x < y.

The general structure of residual implications relative to uninorms in U, is
given below.

Proposition 3 ([18]). Let Uy = (go, €0)ide be a discrete idempotent uninorm having ey € Ly
{0, n} as its neutral element, and suppose that go(0) = n. It follows that the residual operator Iy,
associated with Uy defines a discrete fuzzy implication, and it is given by

_ [ max@y) i x<v,
1”0(’“”‘{ min(@(®.y) x> ®

Alternatively, this discrete implication function can be expressed as

go(x) if x<ey and x<y<go(x)
luy(vy) =3 Go(x) if x>e and Fox) <y<x, ©)
y otherwise.

Here, g, denotes the unique symmetric extension of go with respect to the main diagonal.

Definition 6 ([26]). A mapping f : L, — Ly is called a smooth mapping if, for every x € L, with
x > 1, the absolute difference between consecutive values is at most one, that is, |f(x) — f(x —1)| < L

Definition 7 ([26]). A mapping F : L2 — Ly, is referred to as a smooth mapping if, for every
fixed x € Ly, the function F(x, —) is smooth, and similarly, for every fixed y € Ly, the function
F(—,y) is smooth. In other words, both the vertical and horizontal sections of F must satisfy the
smoothness condition.

Note that in this case the smoothness property, which is in fact the well-known 1-
Lipschitz property (for more details see, Proposition 7.3.3 in [26]).

3. Modus Tollens Derived from Discrete Uninorms

This section focuses on the investigation of the U-Modus Tollens condition in a discrete
setting; that is, all operators that we consider throughout the paper are defined on the finite
chain L,,.

https:/ /doi.org/10.3390/axioms15010077
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Definition 8. Let I be a discrete implication, U a discrete uninorm, and N a negation, all defined on
the finite chain Ly. The pair (IN) fulfills the U-Modus Tollens property if the next condition holds:

U(N(y), I(x,y)) < N(x) forall x,y € Ly. (10)

The next result shows that a necessary condition for a discrete uninorm U to meet the
requirements of the U-Modus Tollens rule in the discrete framework can be obtained.

Proposition 4. Let I be a discrete implication and N a negation defined on the finite chain L,
such that (I, N) fulfills the U-Modus Tollens. It follows that the discrete uninorm U is required to
be conjunctive.

Proof. Letus take x = n,y = 0 € L,; as the pair (I, N) is said to fulfill the U-Modus Tollens
rule, we have

U(N(0),1(n,0)) = U(n,0) < N(n) =0,
so U(n,0) = 0 and U has to be conjunctive. [
As a consequence of this result, only conjunctive discrete uninorms would be consid-
ered when considering the U-Modus Tollens condition.

The following example shows the behavior of the U-Modus Tollens property for a
particular negation on a finite chain.

Example 2. Let us consider U a discrete conjunctive uninorm on Ly, and the following negation:

[ n ifxe0K
Nk(x)‘{o if x € Ly~ [0,k]

with k € [0,n —1].

For each x € [0,k|, the U-Modus Tollens principle is verified for every y € L, because
Ni(x) = n, and we always have U(Ny(y), I(x,y)) < n.

When x € Ly, \ [0, k], let us differentiate the following two cases:
1. Considery € [0,k], so

(@) Ify = 0, we need Ni(x) < Ni(x) forall x € L, ~\ [0,k| in order to verify the
U-Modus Tollens.
(b)  Wheny € (0,k],

U(Nk(y), I(x,y)) < U(Nk(y), I(k+1,k)),

In this case, we need 1(k + 1,k) = 0 because N(x) = 0 in order to ensure the
U-Modus Tollens.

2. Considery € L, \ [0,k], so
U(Nk(y), I(x,y)) = U(0, I(x,y)) < U(0,n) =0,
the U-Modus Tollens is always guaranteed.

Observe that in case k = 0, Ny corresponds to the smallest negation on a finite chain
Ly. Incase k = n —1, N,,_; corresponds to the greatest negation on L.

We can now derive the following general result concerning the U-Modus Tollens rule
for the discrete framework.

https:/ /doi.org/10.3390/axioms15010077
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Proposition 5. Let U be a conjunctive discrete uninorm, I; its residual discrete implication,
and N a negation on the finite chain L. Then, a discrete implication I verify the U-Modus Tollens
condition related to the pair (U, N) is equivalent to the condition

I(x,y) < Iu(N(y),N(x)),
forevery x,y € L, ={0,1,2,...,n}.

Proof. According to Definition 5, we have I;;(N(y), N(x)) = max{z € L, | U(N(y),z) <
N(x)}, therefore

U(N(y), I(x,y)) < N(x) <= I(x,y) < Iu(N(y),N(x)).
O

The fact that the pair (I, N) satisfies the U-Modus Tollens property entails several
structural consequences for the discrete uninorm and the associated negation.

Proposition 6. Let U be a conjunctive discrete uninorm defined on Ly, with neutral element e.
Assume that the pair (I, N) satisfies the U-Modus Tollens property. Then the following condi-
tions hold:
(i)  Foreveryy € L, ={0,1,2,...,n}, U(N(y), I(n,y)) =
(i)  The inequality Ni(x) < N(x) holds for any element x € L,. Moreover, the condition
Ni(x) > e entails that N(x) = n.
(iii) Let ay = max{x € L, | N(x) > e}, then:
(a)  The equality a = 0 entails that N(x) < e for every x > 0.
(b)  The inequality ay > 0 entails that I(n,y) = 0 for every y < ay.
(iv) The validity of condition (NP), or alternatively of condition (IP) together with the requirement
N(x) < n for every x > 0, entails that ay = 0.

Proof. Each statement will be proved separately.

(i) Since U(N(y),I(n,y)) < N(n) =0, it follows directly that U(N(y), I(n,y)) =
(i) According to the monotonicity of the uninorm U, we have Nj(x) < N(x )
for any x € L, in such a way that Nj(x) > e, we necessarily have I(x,0) > e,

n=U(N(0),e) <U(N(0),I(x,0)) < N(x) <n

which implies N(x) = n

(ii) Define ay = max{x € L, | N(x) > e}.
(a) If apy = 0, then N(x) < e whenever x > 0.
(b)  Suppose ay > 0. For any y < ay, we get

0=N(n) = U(N(y),I(n,y)) = Ule, I(n,y)) = I(n,y),

which implies I(n,y) = 0 forally < ay.

(iv) Let us assume (NP) is satisfied. If apy > 0, then from Item (iii)(b) it follows that
I(n,y) = 0 for all y < an. However, under condition (NP), we know I(n,y) =y,
which implies y = 0. Thus, ay = 0, leading to a contradiction.

https:/ /doi.org/10.3390/axioms15010077
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Now, assume that (IP) holds and N(x) < n for every x > 0. Suppose that ay > 0,
meaning there exists some x > 0 such that N(x) > e. Then,

N(x) > U(N(x),n) =U(N(x),I(x,x)) > U(e,n) =n,

which contradicts the assumption that N(x) < n. Hence, N(x) < e whenever x > 0,
and it follows that ap = 0.
O

When «y = 0, we obtain the following result.

Proposition 7. Let U = (T, e, Si)min be a discrete uninorm belonging to the family of Umin
with neutral element e € L, . {0,n}. Suppose that ay = 0. It follows that the pair (I, N) satisfies
the U-Modus Tollens property, which is equivalent to the following condition:

U(N(y),I(x,y)) < N(x) whenevery < x.

Proof. It is enough to verify that whenever x < y, the U-Modus Tollens condition holds.

(@) IncaseI(x,y) > e, it follows:
U(N(y), I(x,y)) < U(N(x),I(x,y)) = min{N(x), I(x,y)} = N(x),

since U(N(x), I(x,y)) > U(N(x),e) = N(x), and the uninorm behaves conjunctively
in this case.
(b) IncaseI(x,y) < e, hence:

U(N(y), I(x,y)) < U(N(x),I(x,y)) = T(N(x),I(x,y))

<min{N(x),I(x,y)} < N(x).

1

1 Observe that as ayy = 0, this yields N(x) < e (see Proposition 6), and we are in the
case I(x,y) <e.
O

Now, we consider the case where the implication I satisfies the neutral element
property (NP).

Proposition 8. Let I be a discrete implication satisfying the NP property, N a negation on Ly,
and U a discrete conjunctive uninorm whose neutral element is e € Ly, \ {0, n}. Whenever the pair
(I, N) fulfills the U-Modus Tollens condition, then the following statements hold:

(i)  U(N(y),y) = 0foreveryy € L.

(i) N(x) = 0 for every x > e, and N(x) < e whenever x > 0.

(iii) U(N(y),I(e,y)) = 0 whenever y € Ly.

(iv) Provided that N is a strictly decreasing mapping on L, ~ {0, e}, it follows that I(x,y) < e
holds for every pair (x,y) withy < x < e.

Proof.

(i) Since U(N(y),I(n,y)) < N(n) =0, it follows that U(N(y),y) < 0 for every y € L.
Hence, U(N(y),y) = 0.

(i) Given that property (NP) holds, Proposition 6 (iv) implies any = 0. Then,
from Proposition 6 (iii.a), we conclude N(x) < e whenever x > 0. Moreover, evaluat-
ing the condition at y = e, we obtain N(e) = U(N(e),e) < 0,so N(e) = 0. Since N is
decreasing, it follows that N(x) = 0 for all x > e.

https:/ /doi.org/10.3390/axioms15010077
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(i) Assuming that the pair (I, N) fulfills the U-Modus Tollens condition relative to U,
we have:
U(N(y), I(e,y)) < N(e) =0,

which implies U(N(y), I(e,y)) = 0 for every y € Ly,.

(iv) Suppose, for contradiction, that there exist x, y for whichy < x < eand I(x,y) > e.
Observe that y > 0, since if y = 0, then I(x,0) = Nj(x) < N(x) < e, which
contradicts I(x,y) > e. From part (ii), we know N(y) < e, and because N exhibits a
strict monotonic decrease over (0, ¢), we obtain:

U(N(y), I(x,y)) = min{N(y), I(x,y)} = N(y) > N(x),

which contradicts the assumption that the U-Modus Tollens holds. Therefore, it must
be that I(x,y) < e whenever y < x <.
O

What follows gives a description of the essential features of those discrete uninorms
in Umin for which the U-Modus Tollens holds, under the assumptions that N is strictly
decreasing in (0, e) and I satisfies the (NP) property.

Theorem 3. Let I be a discrete implication function satisfying (NP), and let U = (Ty;, e, Su) min

be a discrete uninorm in the class Upmin, with neutral element e € L, \ {0,n}. Assume also

that N is a negation on L, that is strictly decreasing on the interval (0,e). It follows that

the pair (I, N) satisfies the U-Modus Tollens property, which is equivalent to the fulfillment of the

following conditions:

(i)  U(N(y),I(e,y)) = 0 whenever y € Ly.

(i) N(x) = 0 for every x > e, and N(x) < e whenever x > 0.

(iti) I(x,y) <eforeveryy < x <e.

(iv) The functions I' and N’ fulfill the Modus Tollens property in relation to Ty; forally < x <ee,
taking into account the modified implication I' : [0,e] x [0,e] — [0, ¢] and the adjusted
negation N’ : [0,e] — [0, e| are defined by

/ _ e ifx <y,

I(x'y)_{ I(x,y) ify<x, ()
/v ) N(x) ifx>0,

N'(x) = { . A (12)

Proof. Suppose that the pair (I, N) verifies the U-Modus Tollens property; by (i), (ii), and
(iif) of Proposition 8, we obtain (i), (ii), and (iii) of this proposition. Now, let us see that (iv)
is also satisfied.

1. Incasey = 0, we have
2
Tu(N'(0),I'(x,0)) = Ty(e, I(x,0)) = I(x,0) = Nj(x) < N(x) = N'(x).
2 by Proposition 6 (ii).

3 because 0 = y < x.
2. Incasey > 0, observe that y < e¢; we have
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Tu(N'(y), I'(x,y)) = Tu(N(y), I(x,y)) = U(N(y), I(x,y)) <
N(x) = N'(x),

because the final inequality is ensured by the U-Modus Tollens requirement fulfilled
by I and N.

As I verifies (NP), we obtain ay = 0, and therefore, by Proposition 7, it remains to
check that [ and N verify the U-Modus Tollens whenever y < x and the constraints (i), (ii),
(iii), and (iv) hold.

We distinguish the following separate cases:

1. Incasey =0, then
U(N(y),I(x,y)) = U(n,1(x,0)) = U(n, Ni(x)) = Ni(x) < N(x).
2. Incase0 <y < x < ¢, then
U(N(y), I(x,y)) = Tu(N(y), I(x,y)) = Tu(N'(y), I'(x,y)) < N'(x) = N(x)

where the ultimate inequality holds by condition (iv).
3. Incasex > e, then I(x,y) < I(e,y), and therefore,

U(N(y), I(x,y)) < U(N(y),I(e,y)) = 0 < N(x)

in this expression, the last inequality follows from the Condition (i) of this proposition.
O

Next, we provide an illustrative example of the previous result.

Example 3. Let us consider a discrete uninorm U = (Ty, e, Si)min belonging to the class Umin,
where Ty, = Ty is the Lukasiewicz t-norm, and Sy; is an arbitrary t-conorm. Define the negation

N, as follows:
n ifx=0,
Ne(x)=4¢ e—x if0<x<e,
0 ifx >e.

Additionally, consider the fuzzy implication Iy described by the expression:

n ifx=00ry =mn,
Iy(x,y) =< max(e—x,y) f0<x<eand0<y<e,
y otherwise.

A direct verification shows that the given operators meet all the specified requirements stated in
Theorem 3. Consequently, the pair (Iy;, N, ) satisfies the U-Modus Tollens property (see Figure 3).
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Figure 3. Graphical representation of the fuzzy negation N, (left) and the fuzzy implication Ij; (right).
It can be seen in the representation that the negation function N is strictly decreasing on (0, ¢) and
that the discrete implication I;; function satisfies (NP).

In what follows, we focus on RU-implications generated by discrete uninorms be-
longing to the class Umnin, specifically those of the form Uy = (Tyy,, eo, Su,) min, Where
eo € Ly ~\ {0,n} is the neutral element, Ty, is a t-norm on [0, ey], and Sy, is a t-conorm on
[eo, n]. It is worth highlighting that RU-implications associated with such uninorms exhibit
the structure described in Equation (7).

3.1. Modus Tollens in the Context of Discrete RU-Implications Induced by Discrete Uninorms
in Z/{min
In this section, it is important to remember the characterization of the residual operator
Iy, associated with a uninorm Uy given in the Preliminaries section (see Equation (7)).
For this type of RU-implication, it is once again observed that the U-Modus Tollens
property holds exclusively in the case that the associated negation N satisfies any = 0,
which necessarily results in those negations that are non-smooth. In addition, for these
RU-implications, the results presented below hold.

Proposition 9. Let Iy, be a discrete implication derived from the discrete uninorm

Uy = (Ty,, €0, Suy)min, and let N be a negation on Ly,. Consider also U = (Ty, e, Sy) a discrete

conjunctive uninorm. If the pair (Iy,, N) satisfies the U-Modus Tollens property, then the following

statements hold:

(i)  U(N(y),y) = 0foreveryy < ey— 1.

(i) U(N(y),n) = N(y) for every y < ey.

(iii) an = 0; that is, N(x) < e for every x > 0.

(iv) Incasee < ey, then N(x) = 0 for every x > e.

(v) Incaseey < e, and if Tyy is a smooth t-norm with U (e, eg) = e, then it holds that N (x) < eg
forall x > 0, and in particular N(x) = 0 for every x > ey.

Proof.
(i) As (Iy,, N) fulfills the U-Modus Tollens condition, we have

U(N(y), Iuy (x,y)) < N(x)

forall y € L,. Now, putting x = n and considering Equation (7), we achieve

U(N(y), Iy,(x,y)) = U(N(y),y) = 0forally < ep.
(ii) For any x < ey, we have Ijj,(x,x) = n considering Equation (7); therefore, taking

xX=1y,
U(N(y), Iu,(y,y)) = U(N(y),n) < N(y),
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and on the other side, U(N(y),n) > N(y) is always satisfied.

(iii) It follows directly from Proposition 6.

(iv) Takingy = e in Property (i) of this proposition, it follows that U(N(e),e) = N(e) =0,
and as N is decreasing, we have N(x) = 0 for all x > e.

(v) Let us examine that N(x) < ¢ for all 0 < x < ¢y. Since Ty is smooth and ¢ is an
idempotent element, considering that N(x) > ey with 0 < x < ¢y, then

U(ep, x) = Ty (eq, x) 3 min(ep,x) = x forall 0 < x <ep

4 by the smoothness of Ty;.
And by property (i) of this Proposition,

0=U(N(x),x) > U(ey,x) =x

which is a contradiction to the hypotheses. Therefore, we obtain N(x) < ¢ for all
x > 0. Now, let us prove that N(ep) = 0. As we have N(ep) < e, then

0= U(N(eo),e0) = N(eo)

O

For the purpose of characterizing the solutions in this setting, we consider three
distinct cases, taking into account the relationship between the neutral elements e and ej.
We first address the simplest case, where e = ej.

Theorem 4. Let Iy, be the RU-implication associated with the discrete uninorm
Uy = (Ty,, €0, Suy)min, let N be a negation on a finite chain, and let U = (Ty, e, Sy) be a
discrete conjunctive uninorm with e = eq as its neutral element. Consequently, the pair (I, N)
satisfies the U-Modus Tollens property is equivalent to the fulfillment of the following condition:

(i) U(N(y),y) =0and U(N(y),n) = N(y) forally < e—1.

(i) N(x) < e forevery x > 0,and N(x) = 0 forall x > e.

(iii)  The residual implication Iry,, together with the modified negation N’ defined in Equation (12),
satisfies the Modus Tollens property in relation to the t-norm Ty, for all y < x.

Proof. (=) Items (i) and (ii) are obtained from Proposition 9. Property (iii) follows the
same proof that the one in Theorem 3, considering that in this case, I, just is the same that
I’ in Equation (11).

(«=) Now, let us suppose that conditions (i), (ii), and (iii) are satisfied, and we will
prove the U-Modus Tollens:

U(N(y), Iy (x,y)) < N(x)

(i) If y > e, then by (iv) in Proposition 9, we have N(y) = 0 and the U-Modus Tollens
is satisfied. (ii) In case y < e and x < y, we obtain that Iy, (x,y) =n,so

U(N(y), Ly, (x,)) = U(N(y),n) =

N(y) < N(x)
5 by (ii) of Proposition 9.

(iii) Now, considering y < e and y < x. We consider two cases:
(1) x > ¢, then we have

U(N(y), luy(x,y)) = U(N(y),y) =0 < N(x).
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And (2) x < ¢, then considering (iv) in Theorem 3 and Equation (7)
6
U(N(y), Iuy(x,y)) = UN'(y), I, (x,y)) = Tu(N'(y), I, (x,y)) <

N'(x) < N(x)

® by (iii) of this theorem. [
Remark 1. Note that the t-conorms Sg and Sy do not contribute to fulfilling the U-Modus Tollens.
The next example illustrates Theorem 4.

Example 4. Let us consider the finite chain Ly = {0,1,2,3,4} and the uninorm Uy =
(£, 3, max)min on Ly whose expression is

U(xy) [y=0 y=1 y=2 y=3|y=4
x=0 0 0 0 0 0
x=1 0 0 0 1 1
x=2 0 0 1 2 2
x=3 0 1 2 3 3
x=4 0 1 2 3 4

Now consider the conjunctive uninorm U on Ly whose expression is

Ulxy) |y=0 y=1 y=2 y=3|y=4
x=0 0 0 0 0 0
x=1 0 0 0 1 1
x=2 0 0 1 2 2
x=3 0 1 2 3 4
x=4 0 1 2 4 4
Let N be the negation on Ly defined as
0, ifx=>3,
N(x) =41, ifx=2,
2, ifx <L

According to Equation (12), the expression of the adjusted negation N’ on [0, 3] is

0, ifx=3,
1, ifx=2,
N'(x) = 2 ;‘(x—l
3, ifx=0.

It can be easily verified that U(N(y),y) = 0and U(N(y),4) = N(y) forall y < 2. Therefore,
Condition (i) of Theorem 4 is satisfied. By construction, the function N satisfies the conditions of
item (ii). It can be seen that N(x) < 3 for every x > 0, and that N(x) = 0 for all x > 3. Finally,
by construction, the function N satisfies the conditions of item (ii). It can be seen that N(x) < 3
for every x > 0, and that N(x) = 0 for all x > 3. The pair (Ig,, N') verifies Modus Tollens with
respect to the t-norm Ty, for all y < x by Proposition 12 of [22].

Based on the previous reasoning and according to Theorem 4, the pair (Iy,, N) satisfies the
U-Modus Tollens property.
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Theorem 5. Let Iy, be the RU-implication derived from the discrete uninorm Uy = (T, €0, S, ) min.
let N be a negation on Ly, and let U = (Tyy, e, Syy) be a discrete conjunctive uninorm with neutral
element e, such that e < eg. Assume that Uy is defined as follows:

e Tj;, () if x,ye|0,e,

e+(eo—e) Th(xy) i %y e leel
et (n—e)-Su(x,y)  if xy€leon]
min(x,y) otherwise,

Uo(x,y) = (13)

where Tj; and T(; are discrete t-norms defined on [0, e] and e, eo], respectively. Then, the pair

(I,, N) satisfies the U-Modus Tollens property if and only if the following conditions are satisfied:

(i) U(N(y),y) =0forally <e and U(N(y),n) = N(y) forally < e.

(i) N(x) < e forevery x > 0,and N(x) = 0 forall x > e.

(ii)) The implication ITl/lo' derived from the t-norm T&O, and the negation N’ defined
by Equation (12), verifies the Modus Tollens property with respect to the t-norm Ty
whenever y < x.

Proof. Following Equation (13), we obtain Uy(e,¢) = ¢, and for all y < x < e, we have,
by Equation (7),
Iuo = ITU (x, y)

and the result can be established analogously to the proof of Theorem 4. [

Remark 2. Note that the expression of Uy given by Equation (13) is not a strong condition. Indeed,
if we consider a smooth t-norm Ty, on [0, eg] and we suppose that Uy (e, e) = e, we known Ty, is
an ordinal sum of Lukasiewicz t-norms [26].

Theorem 6. Let Iy, be the RU-implication derived from the discrete uninorm Uy = (Ty,, €0, Suy ) min,
N a negation on Ly, and U = (T, e, Sy ) a discrete conjunctive uninorm with neutral element e and
ep < e. Suppose that the restriction of U to the domain [0, e]? is defined as

T, (%, y) if x,y€0,e),

U(x,y) =< Ti(xy) if x,y€ ey, €], (14)
min(x,y) if otherwise.

Then Iy, and N verify the U-Modus Tollens condition precisely when the following properties
are satisfied:

(i)  U(N(y),y) =0forally < eyand U(N(y),n) = N(y) whenever y < eg.

(i) N(x) < eg forall x > 0and N(x) = 0 for all x > e.

(iii) Iz, and N' fulfill the Modus Tollens relative to the t-norm T{; for every y < x, where Ir,
0

denotes the residual implication associated with the t-norm Ty and N' is given by

! . n lf x=20
N = { N(x) if otherwise. (15)

Proof. Property (ii) follows directly from Property (v) in Proposition 9, while (i) and (iii)
follow the proof in a similar way to the theorems before. [

3.2. On Modus Tollens for RU-Implications Generated by Discrete Idempotent Uninorms

In this section, we consider RU-implications derived from discrete idempotents uni-
norms, i.e., uninorms Uy =< g, ey >4, with neutral element ey € [0, n] such that g(0) = n.
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Let us remember that in the discrete case, the general structure of the RU-implications
derived from idempotent uninorms is given by Proposition 3.

Initially, we will see what happens when we consider the residual implication of
a discrete idempotent uninorm Uy = (go, €p)ide Such that its symmetric extension is a
negation on L.

Proposition 10. Let Uy = (g0, €0)ige be a discrete idempotent uninorm with neutral element
eo € Ly~ {0,n}, and assume that its symmetric extension g defines a negation on Ly. Let Iy,
be the residual discrete implication associated with Uy. Consider also U, a discrete conjunctive
uninorm with neutral element e, and let Iy; denote its corresponding residual implication. Then,
the following statements are equivalent:

(i) Let us denote Ny = g. The pair (I, No) satisfies U-Modus Tollens.
(i) Iy, (x,y) < Iu(No(y), No(x)) whenever x,y € Ly.

Proof. Let us see that conditions (i) and (ii) are equivalent.
Let us suppose that the pair (I;,, Np) satisfies U-Modus Tollens, so

U(No(y), I, (x,v)) < No(x) whenever x € Ly
equivalently,

U(g(y), Iu,(x,y)) < g(x) forallx € Ly

but
UGy, Iu,(x,y)) < 8(x) <= Iy, (x,y) < Iu(@(y),8(x))  Vx,y € Ly

O

In the following, we consider the case of chains with an odd number of ele-
ments, such as Ly,, = {0,1,...,¢p,...,2¢0}. Note that in this case, the element ¢ is
the central point of this finite chain. For instance, if we consider the linguistic chain
Ly = {very bad, bad, regular, good, very good} (which corresponds to the odd finite chain
Ly ={0,1,2,3,4}), the linguistic term “regular” acts as an uncertainty element, i.e., for a
uninorm acting on an odd-valued chain, the uninorm on the “regular” value does not get a
clear decision.

Lemma 1. Let Uy = (go, €0)ige be a discrete idempotent uninorm with neutral element e defined
on the odd finite chain Ly,, = {0,1,...,eo,...,2ey}, under the condition that Ny(x) = g(x) is
the unique strong negation on Ly,,. Let Iy, be its residual fuzzy implication. Then,

Iy (x,y) = Iuy(No(y), No(x))
forall x,y € Lye,.
Proof. Let us remember that

) max(§(x),y) if x<y
Ty (x,y) = { min(g(x),y) if x>y.

Incase x <y,

Iy (No(y), No(x)) = max(No(No(y)), No(x)) = max(y, No(x)) =

max(Ny(x),y) = Iy, (x,y).
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In case x >y,

Iiy(No(y), No(x)) = min(No(No(y)), No(x)) = min(y, No(x)) =
min(No(x),y) = I, (%, y)-
O

An extended result of Proposition 10 can be obtained when considering a finite odd
chain Ly,,.

Proposition 11. Let Ly, be an odd finite chain, No(x) = 2ey — x the strong negation on
Loey, Uy =< g,e0 >ige a discrete idempotent uninorm with neutral element ey € Loe, and
g(x) = 2eqg — x and let Iy, denote its residual implication. Let U be a discrete conjunctive uni-
norm with neutral element e € Ly, and let Iy be its corresponding residual implication. Then,
the following statements are equivalent:

(i) The pair (I, No) satisfies U-Modus Tollens.
(i) Iy, (x,y) < Iu(No(y), No(x)) forall x,y € Ly
(iii) U(x,y) < Up(x,y) forall x,y € L.

Proof. First, note that Ny = §. The equivalence between statement (i) and condition (ii)
follows directly from Proposition 10. We need to prove the equivalence between statements
(ii) and (iii). By Lemma 1, we have that forall x,y € L,

Iy (x,y) = Tty (No(y), No(x))-

Considering Lemma 1 and Condition (ii), we have

Iy (%, y) = Tuy(No(y), No(x)) < Iu(No(No(x)), No(No(y))) = Iu(x,y),

forall x,y € Log,.
Therefore,

Iy, (x,y) < Tu(x,y),

forall x,y € Ly,

]/ (% IU()(xr uo(x/]/)) S IU('x’ UO(xr]/>)-

(1) By Definition of Iy, (x,y) = max{z € Ly, | Uy(x,z) < y} with x,yy € Ly, in this
case, Iy, (x, Up(x,y)) = max{z € Ly, | Up(x,z) < Up(x,y)} with x,y € Ly,; therefore,

y < Iu(x,Uo(x,y)),
equivalently,
U(x,y) < Up(x,y) forallx,y € Ly,.

O

The result obtained in Proposition 11 is not true when the negation Nj is not a strong
negation on Ly, as the following example shows.
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Example 5. Let Ly, = {0,1,...,ep,...,2e0} be an odd finite chain. Let us consider
U = (Ty,eo, Se)min and Uy =< g,e0 > be a discrete idempotent uninorm with

260

eg € Lo, where

g(x):{ZEO l:fJCZO,

ep if x € (0,ep].

an its extension,

max{z € [0,e0] | g(z) > x}  if eg < x < g(0) = 2ey,

g—(x) _ { g(X) Zf x < e,

is a negation function with fixed point ey. ~We can see the structures of uninorms
U = (Ty, eo, St.) min and Uy =< g, ey > ;g in Figure 4.
Let us consider the points x = eg + 1 and y = eg + 1. Then, we have

U(eg+1,e0+1) = SL(€0+1,80+1) = min(eg + 2,2¢q) >

Up(eg+ 1,0+ 1) =max(eg+ 1,60+ 1) = ¢+ 1.

T 260 T
! |
|
l ‘
min : S, : max
!
!
| l
ek - - - - - - - _ : ,,,,,,,,, eolu - - - - - - _ "
!
|
!
!
. | : , l
min | min min ‘
! I
| |
! |
Il Il

Figure 4. Structures of the uninorms U = (min, ey, St ) i (left) and and Uy =< g, ey >4, (right).
Note that in the case of the uninorm U, the underlying t-norm is the minimum t-norm and the
underlying t-conorm is the Lukasiewicz t-conorm.

Theorem 7. Let Uy = (g, ep);q4e be a discrete idempotent uninorm with neutral element ey € Ly,
such that g is a negation on Ly,. Let N be a negation having ey as its fixed point, and let U be a
discrete uninorm whose neutral element coincides with e = eg. Then, the pair (I;,, N) satisfies the
U-Modus Tollens property if and only if the following conditions are fulfilled:

i) gx) <

(i) U(N(x),g(x)) =
(iii) U(N(x),x) = N(x) whenever x > e.

(iv) U(N(y),y) < N(x) whenevery < g(x) < e < x.

( ) whenever x € Ly,.
N(x) whenever x < e.

Proof. Suppose that the pair (I, N) fulfills the U-Modus Tollens. Then,
U(N(y), Iy,(x,y)) < N(x) whenever x,y € L,

Let us see that conditions (i)-(iv) are verified.

(i) Takingy = ep, we achieve,

U(N(eo), Ity (x,e0)) < N(x).
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(i)

(i)

(iv)

If x <ep,

therefore,
g(x) < N(x).

Similarly, the case x > ¢y can be obtained as before.
Considering x = y in Equation (10) and bearing in mind that x < ¢y, we obtain

U(N(x), Iy (x, x)) = U(N(x), max(g(x),x)) = U(N(x),8(x)) < N(x)
max(g(x), x)) we have that N(x), g(x) > ¢y, and considering (i) then
U(N(x),g(x)) = max(N(x),8(x))) = N(x)

The proof is similar to item (ii), taking into account that for x > ¢y, we have
U(N(x),x) > N(x).

Now, let us suppose y < g(x) < ey < x; therefore, as y < ¢y, we obtain y < g(x) <
eo < g(y), and by Equation (10)

U(N(y), Iuy (x,y)) = U(N(y), min(g(x),y)) = U(N(y),y) < N(x).

On the other hand, assume that conditions (i)-(iv) are verified, and we will demon-

strate that the pair (I;,, N) satisfies the U-Modus Tollens property by analyzing several

cases separately:

Case 1. Let us suppose x < y < g(x). Then, we obtain N(y) < N(x) with x < ¢y, then

U(N(y), Iuy (x,y)) = U(N(y), max(g(x),y)) = U(N(y),3(x)) <
U(N(x),g(x)) = N(x)

since the ultimate equality holds by virtue of Assumption (ii) of this proposition.

Case 2. Let us suppose x, §(x) < y. Accordingly, we have that N(y) < N(x) with
y > eg, then

U(N(y), Iuy (x,y)) = U(N(y), max(g(x),y)) = U(N(y),y) = N(y) < N(x)

as the last equality is a consequence of Assumption (iii) of this proposition.

Case 3. We consider now g(x) < y < x. In this situation, it follows that x > ¢y and
g(x) < N(x) < N(ep) = ep < x, where the first inequality comes from item (i) of this
proposition, and N(y) < N(g(x). Therefore,

U(N(y), Iuy(x,y)) = U(N(y), min(g(x),y)) = U(N(y),y) < N(x)

since the last step is justified by condition (iv) of this proposition.

Case 4. We consider x, §(x) > y, finally. In this situation, it follows that y < ey < N(y),
<

N(y) < N(x),and N(y) < N(x). Now, we take into account two possibilities:
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(@)  Let us suppose x < ep; in this situation, it follows that N(x) > ey and
y < g(x) < g(ep). Considering condition (iv) of this proposition with x = ¢,
we obtain U(N(y),y) < ep < N(x) Therefore,

U(N(y), Iuy(x,y)) = U(N(y), min(g(x),y)) = U(N(y),y) < N(x).

(b) When x > ¢y, we proceed as in the case before.
O

Note that in Theorem 7, uninorm U is any discrete uninorm, and N is any negation on
L, with fixed element ey. The following result shows two particular cases.

Proposition 12. Let Uy = (g,ep)4. be a discrete idempotent uninorm with neutral element
eo € Ly ~{0,n}, and assume that its symmetric extension § defines a negation on L. Let N be
another negation on Ly, whose fixed point is also eq, and let U be a discrete uninorm with neutral
element e = e.

If U = (Ty, €0, Su) min belongs to the class Upin and the underlying t-conorm is Sy = max,
then the pair (Iy,, N) satisfies the U-Modus Tollens property if and only if the inequality
3(x) < N(x) holds for every x € Ly,.

Proof. Let us suppose that the pair (I, N) verifies the UI-Modus Tollens. We have
U(N(y), Iu,(x,y)) < N(x) forallx,y €L,

By Theorem 7, we achieve §(x) < N(x) for every x € L, through condition (i).
Reciprocally, if g(x) < N(x) for all x € L,, only Conditions (ii)—(iv) in Theorem 7
must be proven.
In case x < ¢, observe N(x) > eg and g(x) > ep; therefore,

U(N(x),g(x)) = max(N(x),g(x)) = N(x),
and therefore condition (ii) of Theorem 7 holds.
Alternatively, in the case x > ey, observe N(x) < ep; therefore,

U(N(x),x) = min(N(x),x) = N(x),

and therefore condition (iii) of Theorem 7 is satisfied.
Whenever y < g(x) < ¢y < x, it follows that N(x) < ¢y < N(g(x)) < N(y), and we
assume g(x) < N(x) for all x € L,; therefore,

U(N(y),y) = min(N(y),y) =y < g(x) < N(x)
and therefore, as conditions (i)—(iv) of Theorem 7 hold, the U-Modus Tollens is satisfied. [

In the particular case that the chain L, has an odd number of elements with ey being
the neutral element that is located in such a way that it divides the chain into two parts
with the same number of elements, i.e., ¢y is the central element of the chain, we can obtain
the following result.

Proposition 13. Let L, = Ly, be an odd finite chain, and let Uy = (g, e9)iq. be a discrete
idempotent uninorm with neutral element ey € Ly, such that its symmetric extension § defines
a negation on L,,. Now consider U = (h, eg);4, to be another discrete idempotent uninorm with
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the same neutral element e = e, and suppose that the symmetric extension h corresponds to the
unique strong negation on L. Then, the residual implication Iy, together with the negation N = h
satisfies the U-Modus Tollens property if and only if the inequality g(x) < N(x) holds for every
X € L.

Proof. Similar to Proposition 12 let us suppose that I, and N fulfills the U-Modus Tollens
property relative to U, we have

U(N(y), Iu,(x,y)) < N(x) forevery x,y € Ly

by Theorem 7 we obtain g(x) < N(x) for all x € L, through condition (i).

Reciprocally, if §(x) < N(x) for all x € L, we only have to see that the properties
(ii) to (iv) in Theorem 7 hold. As N is strong and U is idempotent, it is achieved that
U(N(x),x) = min(N(x),x) and therefore conditions (iii) and (iv) in Theorem 7 hold.
On the other hand, whenever x < ¢y we have g(x), N(x) > ¢y, so

U(N(x),g(x)) = max(N(x),8(x)) = N(x).

Condition (ii) in Theorem 7 is also guaranteed. [

Another interesting case is the one of RU-implications constructed from idempotent
uninorms of the form Uy = (g, €o)is, Where ey € L, is the neutral element, g(0) = n,
and the symmetric extension § satisfies §(n) = « > 0 for some & € L, — {0,n}. In the
following, we analyze two cases: the one where §(n) > e and the one where g(n) > ¢,
where e € L, is the neutral element of uninorm U. Note that in both cases g(n) < ey = g(ep)
due to the decrease in §.

Theorem 8. Let Uy = (g,e0)ige be a discrete idempotent uninorm with neutral element
eo € Ly ~{0,n}, such that g(0) = n and the symmetric extension g satisfies §(n) = a« > 0. Let
N be a negation on Ly, and let U be a discrete uninorm with neutral element e, where e < a < eg.
Then, the pair (I, N) satisfies the U-Modus Tollens property if and only if the following conditions
are met:

(i)  U(N(y),y) =0 foreveryy <e.
(i) N(x) < eforevery x > 0,and N(x) = 0 for every x > e.
(iii) U(N(x),n) = N(x) for every x < e.

Proof. Assume that the pair (Ijz,, N) fulfills the U-Modus Tollens property, and let us prove
properties (i) to (iii).
(i) Forally < g(n) =aande < «, we have Iy, (n,y) = min(g(n),y) = y, and consider-
ingx =mn
U(N(y), Iuy(n,y)) = U(N(y),y) < N(n) =0,

and therefore, U(N(y), I;,(n,y)) = 0 forall y <ee.

(i) Considering x = e < a in condition (i), we have 0 = U(N(e),e) = N(e) and therefore
N(x) = 0 for all x > e because of the decreasingness of N. The case N(x) < e for all
x > 0 is derived from Proposition 9 because Iy;, (1, ) 7# 0 for ally > 0.

(iii) Takingx =y <a <ep

U(N(x), I, (x, x)) = U(N(x), max(g(x),x)) = U(N(x),n) < N(x),

where the last equality holds due to the fact that g(x) = n for every x < a, as a
consequence of the symmetry of g. Furthermore, since any uninorm U satisfies

https:/ /doi.org/10.3390/axioms15010077


https://doi.org/10.3390/axioms15010077

Axioms 2026, 15, 77

22 of 25

U(N(x),n) > N(x), it follows that the equality is achieved for all x = ¢ < a. Con-
versely, assume that conditions (i) to (iii) are satisfied. We will now show that the pair
(I, N) fulfills the U-Modus Tollens property related to U.

Case y > e. Then by item (ii), N(y) = 0 and the U-Modus Tollens holds. Now, as U
belongs to the class of conjunctive uninorms,

U(N(y), Iuy (x,y)) = U(0, max(g(x),y)) < U(0,1n) =0 < N(x).

Case y < e < «. Two cases are considered:

(1) Ifx <ythen U(N(y), Iuy(x,y)) = U(N(y),n) = N(y) < N(x).
2)  Ifx>ythen U(N(y), Iuy(x,y)) = U(N(y),y) = 0 < N(x).
O
Example 6. Let Uy = (g,e0)ige be a discrete idempotent uninorm with neutral element

eo € Ly ~{0,n}, such that g(0) = n and its symmetric extension satisfies §(n) = a > 0.
Now take any value e < w, and define the uninorm U = (Ty, e, Su;)min. Consider also the following
negation on a finite chain

n if x=0,
Ne(x)=¢ e—x if x€(0,e)
0 otherwise.

Then, U and N, verify all conditions in Theorem 8, and therefore, the pair (I, N,) verifies
the U-Modus Tollens.

Now, we consider the case 0 < g(n) = a < e. We restrict the case to e = ey even under
such restriction we obtain a characterization subjected to five conditions.

Theorem 9. Let Uy = (g,e0)ige be a discrete idempotent uninorm with neutral element
eo € Ly, ~{0,n}, such that g(0) = n, and the symmetric extension g satisfies g(n) = a > 0.

Let N be a negation on a finite chain, and let U be a discrete uninorm whose neutral element is
e = eg. Then, the pair (I, N) satisfies the U-Modus Tollens property if and only if the following
conditions are met:

(i)  U(N(y),y) =0 foreveryy < a.

(i) N(x) < e for every x > 0.

(iii) U(N(x),g(x)) = N(x) for every x < eo.

(iv) U(N(y),g(x)) = N(x) for every x such that « < g(x) <y < x.
(v)

( =
U(N(y),y) < N(x )for every x such that g(x) < y, and also for every y < x with
a<y<g(x) <ep
Proof. Assume that Ij;, and N satisfy the U-Modus Tollens property relative to the uninorm
U. We now proceed to prove that conditions (i) through (v) hold.
(i) Taking x = n we have,
U(N(y), Iy (n,y)) = U(N(y),min(g(n),y)) = U(N(y),min(a,y)) = UN(),y) <
N(n) = 0, therefore U(N(y),y) = 0 for every y < a.
(ii) This conclusion is derived directly from Proposition 6 ((iii) (a)) because Iy, (1, y) =
min(g(n),y) = min(a,y) # 0 for every y > 0.
(iii) Taking x = y, we obtain,

U(N(x), Iy, (x,x)) = U(N(x), max(

o]
—~
=
:-/
=
SN—
SN—
Il
c
—~
Z
—
=
:—/
P
(o]
—
=
N—
SN—
A
Z
—
=
:—/
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forall x € L,.

But in the case x < ey, it is verified that §(x) > ey, and then,
U(N(x),8(x)) = U(N(x),e) = N(x).
(iv) Incasea < g(x) <y <x,

U(N(y), Iy (x,y)) = U(N(y), min((

QI
—
=
:—/
<
N—
SN—
|
c
—~
Z
~~

<
:—/
oQ
—
=
S—
N—
A\
Z
—
=
S—

(v) Ifx,g(x) <y
U(N(y), lu,(x,y)) = U(N(y), max(g(x),y)) = U(N(y),y) < N(x)

forallx,y € L.

Ify<xanda <y < g(x) <ey < x then,

U(N(y), Iy, (x,y)) = U(N(y), min(g(x),y)) = U(N(y),y) < N(x).

Reciprocally, let us assume that conditions (i) to (v) hold, and let us see that the pair
(Iy,, N) satisfies U-Modus Tollens considering some cases.
(i) Whenever x < y < ¢(x), then N(y) < N(x) and x < ¢y. Therefore,

U(N(y), Iuy(x,y)) = U(N(y),8(x)) < U(N(x),8(x)) = N(x)

where the last equality follows by Property (iii) of this theorem.
(i) If x, g(x) < y, then by property (v) we obtain,

U(N(y), Iuy (x,y)) = U(N(y),y) < N(x).

(iii) In case a < g(x) <y < x, we get

U(N(y), Iuy (x,y)) = U(N(y),&(x)) < N(x)

by property (iv).

(iv) In case x, g(x) > y, then U(N(y), Iy, (x,v)) = U(N(y),y), and we differentiate
two possibilities:

(iv.1) Case y < a: considering property (i), we achieve U(N(y),y) = 0 < N(x).

(iv.2) Case y > a: therefore, U(N(y),y) < N(x) due to property (v). O

4. Conclusions

In this paper, we have explored the logical principles of Modus Tollens (MT) within
the framework of discrete uninorms. Our study has provided a detailed analysis of the con-
ditions under which discrete implication functions satisfy this fundamental inference rule.

One of the key findings is the characterization of U-conditional discrete implications,
which establish a connection between residual discrete implications, discrete negations,
and discrete conjunctive uninorms. The necessary and sufficient conditions derived in
this work ensure that discrete uninorm-based implications adhere to logical consistency in
inference processes. Moreover, it is studied through the use of discrete residual implication
functions derived from uninorms belonging to two of the most important families of
these discrete operators (Umin and U;,). The work explores the properties these operators
must satisfy and provides some characterizations of Modus Tollens within this domain
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of definition. Additionally, we have analyzed the impact of different neutral elements in
discrete uninorm structures and their role in defining valid discrete implication functions.

Our research contributes to the understanding of logical reasoning in discrete fuzzy
systems, particularly in contexts where traditional continuous approaches may not be
applicable. The results obtained provide a solid foundation for further studies in fuzzy
logic, artificial intelligence, and mathematical logic.

As future research, we will investigate the Modus Ponens-Tollens property, that is,
under what conditions Modus Ponens and Modus Tollens are verified at the same time in
this discrete setting.
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u Family of uninorms whose expression is
min

given by Equation (1)
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Family of idempotent uninorms whose expression
Uige L .
is given by Equation (2)
U=(ge)i An uninorm of the family U;;,
T(N(y),I(x,y)) < N(x) forall x,y €L, Modus Tollens condition
U(N(y),I(x,y)) < N(x) forall x,y €L, U-Modus Tollens condition
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